The aim of this work is to study the existence of solutions for a mathematical model of the displacement of a piezoviscous lubricant between two elastic surfaces. As we deal with a rolling ball contact problem, the deformations are modelled by the linear Hertzian theory. The fluid pressure behaviour is governed by the classical Reynolds equation for thin film displacement. The relevant aspect of cavitation in lubrication is described by means of the Elrod Adams model which leads to a mathematical free boundary problem.
Introduction
The greatly increasing number of industrial technical devices involving the presence of lubricated contacts motivates interest in studying more suitable mathematical models for the different practical situations. The two elastic solids in contact can present several geometries: cylinder-cylinder, cylinder-plane and sphere-plane contacts, for example. A complete rigorous mathematical study might include not only the description of the numerical algorithms that provide results agreeing with experimental measures but also the theoretical proofs, based on tools of mathematical analysis, that ensure their validity.
We consider as solids both an elastic rolling ball and a rigid plane. The real possibility of the ball deformation leads to an elastohydrodynamic lubrication problem. Basic aspects of the early developed theory in this scientific domain can be found in Dowson-Higginson [8] where the three main common features of this kind of problem are already quoted: the fluid hydrodynamic displacement, the solid elastic deformation and the air bubble generation. The Reynolds equation, linear Hertz contact theory and different cavitation models try to mathematically model these three phenomena respectively. Moreover, the modification of the initial fluid viscosity due to the presence of sufficiently high values of lubricant pressure might have to be taken into account in certain devices. For this purpose, in this paper, we consider the piezoviscous relation given by Barus law (see Cameron [6] ).
In some cases, the set of equations that takes into account the different phenomena consists of a non-linear elliptic problem. In others, the behaviour of fluid pressure is modelled in terms of a variational inequality. For the latter, in the constant viscosity case, the works of Oden-Wu [13] and Hu [11] treat the problem in one and two dimensions. For this variational inequality cavitation model, existence results appear in Hu [11] and in Rodrigues [14] by using different 'a priori' estimates. Nevertheless, as is pointed out in Bayada-Chambat ( [1] and [2] ), this model is not always appropriate to describe the cavitation phenomenon. An alternative model introduces a saturation function as a supplementary unknown, see Bayada-Chambat [1] . Consideration of this model also leads to the existence and uniqueness of the solution for a hydrodynamic piezoviscous problem in Vazquez [15] and only to existence in several elastohydrodynamic isoviscous problems in Durany-Vazquez [9] and Bayada-Durany-Vazquez [3] . More recently, the existence of a solution has been proved for an elastohydrodynamic piezoviscous case with Dirichlet boundary condition in Bayada-El AlaouiVazquez [4] . The main objective of this work is the extension of this last result to the mixed Dirichlet-Neumann boundary condition. The need of this type of boundary condition is motivated by the transversal supply of fluid in the physical device treated here.
The model problem
In the book of Dowson-Higginson [8] , a large variety of contacts in industrial devices are reduced to a ball-plane geometry by using the equivalent radius concept. So the elastohydrodynamical contact here considered consists of an elastic ball that rotates above a sliding rigid plane. They are separated by a thin film of lubricant supplied through an axial groove as shown in Fig. 1 . The classical approximation of the gap is given in the rigid case by the expression ?^f-(2.1)
that represents a parabolic approximation for a given sphere whose radius is R. The positive constant h° corresponds to the gap at the point nearest to contact (placed at the origin of coordinates). Clearly, the condition
is satisfied in a bounded domain Q. In the case of elastic surfaces an additional deformation term to expression (2.1) must be considered (see Oden-Wu [13] ). Therefore, the total gap also depends on the fluid pressure in the following way: belongs to L'(fi) in the variable (t,u) and the corresponding norm is bounded by a positive constant denoted hereafter by K.
The pressure-viscosity law of Barus for the homogeneous lubricant obeys the equation
where a and v 0 denote the piezoviscosity constant and the zero pressure viscosity respectively. The whole mathematical strong formulation of the problem is posed on a bidimensional domain fi = ( -M t ,M 2 ) x( -N,N) with A/,, M 2 and N positive constants. Physically, it corresponds to a small region located in a neighbourhood of the nearcontact point in the rigid case. The set of equations modelling the coupled problem is:
Find (p, 0) such that:
with the boundary conditions
where s denotes the velocity of fluid displacement in the x direction, 0 O is a supply parameter, n represents the unit normal vector to £ pointing to Q o , i is the unit vector in the x-direction; and the sets appearing above are defined by
In order to complete the above set of equations the gap-pressure relation (2.3) must be added. (2.12) that is equivalent to the norm usually considered in
We propose the following variational formulation: 
p->T(p)=q
where q is the solution of the following linear problem.
Problem (J). Find qeV such that J h\p) e-"VqV4> dx dy = 6v o s J H.(p)h(p) ^dx dy n n ox + 6v o s f 6 0 h(p)<t>do V<f>eV (3.4)
To where we have dropped the e index in the clearly e-dependent solution. In order to study the linear problem (2) we proceed in three steps:
Step 1. Existence and L ( 3 . 8 ) with C(fi) the norm of the trace mapping from
(Q)-estimates for problem (3).

By the estimate
$k({x,y),(t,u))p(t,u)dtdu
Step 2. The function q e H l 0 (Cl) n C(H).
For a real parameter A and a pair of given functions /,geL°°(n), such that / > 0 and there exists a strictly positive constant [i satisfying g^fi, we consider the variational inequality:
Find p r eK r such that where (3.9) (3.10)
Existence and uniqueness of solution for (3.9) are classical results of variational inequalities. Moreover, the following theorem holds. Proof. The proof is a straightforward generalization of Theorem 3 in the work Durany-Vazquez [9] for the isoviscous case (<x=0).
• • Moreover the fact that H E (p) and h(p) belong to H 1 (Q) leads to the regularity property qeH 2 (Q)c:C{Cl) and concludes this step.
Step 3. L°°(fi)-estimates for the linear problem.
After the previous computations we use the classical L CO (Q) estimates for elliptic variational equations (see and Chipot [7] , for example).
Thus, for a given k^O, Proposition 5. 
for all p* > 2.
The next technical lemma is useful for the required hypotheses for the application of the Schauder fixed point theorem. Thus we need to establish the existence of R such that f l (R)^f 2 
(R).
For this, it is enough for A to be greater than the slope of the tangent line to f t that contains the origin. The translation of this geometrical argument leads to condition (3.18).
• A solution of problem (^) can be obtained as the limit of the sequence {p E } £ of regularized problems solutions. Therefore, from Theorem 3.2, the continuity of the exponential map and the previous convergences, we can obtain that the pair (p, 0) is a solution of the problem {£?) by passing to the limit in (0J).
•
Conclusions
In this paper the authors mainly generalize previous results of existence of solution for an isoviscous mathematical model to the more realistic piezoviscous case. Another original, but no less important, aspect is the supply of lubricant which is taken into account by means of a mixed Dirichlet-Neumann boundary condition.
Further effort is now being devoted to two research lines: the study of theoretical models that involve charge-imposed effects and the performance of numerical algorithms that allow approximated solutions to be obtained with a certain degree of accuracy.
